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constructed in the metric space, and the approximate error for this network is deduced
by using Taylor formula. Secondly, for a bounded sigmoidal activation function, exact
interpolation and approximate interpolation FNNs are constructed in the metric space. Also
the error between the exact and approximate interpolation FNNs is given.
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1. Introduction

Let (X, d) be a metric space with distance d, and the interpolation nodes S = {x1, x5, ..., X,} be n distinct points in X.
For{y;:i=1,2,...,n} C R, we call the set
{1, 51), %2, ¥2), -, (Xn, Yn)} (1)

a set of interpolation samples. If there exists a feed-forward neural network (FNN), N, (x), satisfying
Ne(x) =y, j=1,2,...,n,

then N (x) is called an exact interpolation FNN of the sample set (1). If for any fixed ¢ > 0, there is an FNN, N, (x), such that
INoXj) —yjl <&, j=1,2,...,n

then N, (x) is called an e-approximate interpolation FNN of the sample set (1).

In applications, FNNs are usually trained by using finite input samples. It is known that n arbitrary distinct samples
(xi,fi) i = 1,2,...,n) can be learned precisely by FNNs with n hidden neurons. Several proofs on the existence of
exact interpolation FNNs have been proposed in [1-5]. However, it is difficult to fix all the parameters of the interpolation
FNNs. So ones turn to study the approximate interpolation FNNs which were first used in [5] as a tool to study the exact
interpolation FNNs. Later, some scholars studied the approximate interpolation FNNs and the relationship between the
exact and approximation interpolation FNNs. By now, there have been more results related to this topic. We refer the reader
to [6-11].
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All of these results mentioned above are related to Euclidean space RY. However, in many applications, the problem of
interpolation often arises in general metric space. In this paper, we focus on the approximation and construction of the exact
and approximate interpolation FNNs in the metric space. We will construct two types of approximate interpolation FNNs in
metric space, one with analytic activation function and the other with sigmoidal activation function.

The rest of this paper is organized as follows. In the next section, we will construct an approximate interpolation FNN
with analytic and non-polynomial activation function. Our construction is based on the Lagrange interpolant on the metric
space. In Section 3, we will give a rigorous proof of the existence of exact interpolation FNN with sigmoidal function in the
metric space. We consider the approximate interpolation FNN with a bounded sigmoidal activation function in Section 4,
where an error estimate between exact and approximate interpolation FNNs will be also given.

2. Approximate interpolation FNN with analytic activation function

Before giving the main result of this section, we first construct the Lagrange interpolant and the Newton interpolant in
the metric space. The following Proposition 1 is the main tool of our construction.

Proposition 1. Suppose that (X, d) is a metric space with distance d, and for every interpolation nodes {x1, X2, ..., Xs} C X,
thereis a § € X satisfying d(&, x;) # d(&, x;) for 1 <i < j < n. Then for the interpolation sample set (1), there exists

n—1

P() =) G )"
k=0
such that
P(x;)) = yi. (2)

Proof. In order to prove (2), it is sufficient to prove that the system of equations

n—1

Y GE x) =y, 1<i<n 3)
k=0
is solvable. That is to prove that
1 dEx) @dEx)° ... @dE x)"! GCo Y1
1 dE.x) (dE.x)° ... dE x)"! G | _ [
1 dE %) dEx))? .. (@dE %)) \Gi In

is solvable. Noting that the coefficients matrix of the system of equations (3) is a Vandermonde matrix, and d(&, x;) #
d(&, xj), i # j, then (3) is solvable. This completes the proof of Proposition 1. O

Based on Proposition 1, we can construct the Lagrange interpolant in the metric space as follows.

Proposition 2. Under the conditions of Proposition 1, there exists
n
LX) =) yilix)
i=1

satisfying
Lx) =y, i=1,2,...,n,

for the sample set (1), where

oo = [] S80—dE.%)

A x) —dE.x) @
j=1g# e >

The proof of Proposition 2 is obvious. For the sake of brevity, we omit the details.
In order to construct the Newton interpolant in the metric space, we need introduce the divided difference with respect
to & recursively, by
Yelxil=yi, 1=<i=<n,
YelXj ooy X1l — YelXjr1s - o, Xe]
d(§, x;) — d(&, xi)

Then the Newton interpolant in the metric space can be constructed as follows.

Yelxj, ... x] =
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Proposition 3. Under the conditions of Proposition 1, there exists

n—1
T(x) == yglx:] + Zyg[xh s X [(d(E, %) — d(E, x)(d(E, x) —d(§,Xp)) -+ - (d(E, %) — d(§, X)) (5)
i=1

such that
Tx)=y;, 1<i=<n
for the interpolation sample set (1).
Proof. Lett; = d(&, x;), and
ylitl=yi, 1<i<n,

y[tj"'~7tk—'l] _y[tj+17"'atk]
tj_tk

yiG, ... 4l =

Then form the Newton interpolation formula of univariate polynomial, it is obvious that there exists

n—1

g(0) =yt + Y ylt, oo il — ) (E— ) .. (£ — 1)

i=1
satisfying
gty =y, 1=i=n.
Moreover, since
Yelxj, ..., xll =ylt, ..., 6], 1=<j<k=<n,
then we obtain (5) immediately. O
Now, we are in a position to give our main result in this section. Suppose that

supd(§,x) <b < oo, (6)
xeX
and o : [0, b] — R is analytic and not a polynomial. Then there exist [c, d] C [0, b] and 8 € [c, d] such that for any k > 0,
o®(B) # 0 (see [12]). Thus by using Taylor formula, for arbitrary 0 €[0,b],j=0,1,...,nand any h > 0, there holds

(n 1)(ﬂ) 0jht+p
o Oht + B) = o (B) + o' (BYGht + -+ + - Freeiall )"+ G 1)'/ o™ (s)(@ht + B —5)" " 'ds.
- Jo
Therefore
n—1 3 . n—1 Oht+8
. Cind! | (
j_ NG - o) it
g = ;ma@(ﬂ)o(ekhwﬁ) D0 ®) quk/ o™ (s)(@cht + B — )" ds,
where (cjo, . . ., Cjn—1) denotes the (j + 1) row of W~ where W~ denotes the inverse matrix of
6 ... 037"
W 6 ... 6"
1 Oy ... O
If we write

n—1

!
M:= max |[c™(@)] max — Cik| DOk "
max [0 ()] max |00>(ﬂ)|(n—1)!§|1k” k|

then from [6, Lemma 3.2], we know that for arbitrary 0 < j < n — 1 there holds

n—1 .
. C'k.]! >
-y —2 5 (6ht + B)| < Mh™. (7)
,(2:; ho 0 (B)
Based on this, we can construct the approximate interpolation FNN in the metric space as

n—1 n—1

n—1
NoG = Y deor (Oihd (.20 + ) = ) ) — ]oﬁ"('ﬂ)o(ekhd(s X+ B).
k=0 k=0 j=0
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where {Cy, Cq, ..., C,_1} is the solution to the system of equations (3). Furthermore, N, (x) can be interpreted as a model of
FNN with four layers:

e The first layer is the input layer with the input x (x € X).

e The second one is the pre-handling layer, which transform an input x into the distance between x and &, d(&, x).

e The third one is the handling layer with n neurons in it.

e The last one is the output layer.

From our construction, we can get the following Theorem 1, which describes the error between Ny(x) and the
interpolation sample.

Theorem 1. Suppose that (X, d) is a metric space with distance d, and for every interpolation nodes {x1, X2, . . ., X5} C X, there
isa& e X satisfying d(&, x;) # d(&, xj) for 1 <i < j < n. Suppose further that (6) holds and o : [0, b] — R is analytic and
not a polynomial. Then for any h > 0 and sample set (1) there exists an FNN, N, (x), such that

INg(xi) — yil < CMh, (8)

where C = 2;7;11 |G|, and M and C; are given as the above.

Proof. From Proposition 1, there exists P(x) = Z;;OI G(d(&,x))* such that P(x;) = y;, i=1,2,...,n.Then
INa(xi) — yil = [Na(xi) — P(x)].
Noting (7) we obtain
n—1 n—1 kl n—1
G _ : j
Na) = POOL = | D D 15775 50 Buhd(. 0 +B) = 3 _ G(d(5.0)
k=0 j=0 Jj=0
n—1 n—1 Cld
i
=< - |Cj|k2 Ho 0)(ﬁ)0(91<hd($ %)+ B) — (d§, X))j’
n—1
< |G;IMh" < CMh.
j=0
Therefore

INa(xi) — yil = INa(x;) — P(x})| < CMh.
This finishes the proof of Theorem 1. O

3. The existence of exact interpolation FNN with sigmoidal activation function

Ifo : R — R satisfies
lim o(t) =0, lim o(t) =1,
t——00 t—o00
then we call it a sigmoidal function. Assume that ¢ is a bounded sigmoidal function, A > 0, and

8o (A) = Stull?max{ll —o®l lo(=0l},

then §, (A) is non-increasing with variable A and satisfies
lim 8,(A) =0.
A——+00
Based on these conditions, we now construct the exact interpolation FNN for the interpolation sample set (1). Let x| = x;

and {x], x5, ..., x}} satisfy d(x], x) < d(x], x]f) fori < j. Then we rearrange the order of elements of the interpolation sample
set(1)as

(X YD, (G, ¥5) s (X Y-
For the sake of convenience, we also denote the set of (x], y)(i=1,2,...,n) as

{(Xl,)’1)7 (X27J/2)» RN (Xﬂ7 yﬂ)}

Then the exact interpolation FNN can be constructed as follows.

n—1
d(x1,x) — d(x1, x; d(xq, X) — d(x,.
N =Y o (—ZA (*1, %) — d(x1, X)) +A> oo <—2A (1, %) — d(x1, Xp) +A).
Jj=1

d(xq, Xj11) — d(xq, X)) d(xq, xp) — d(X1, Xp—1)
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From the definition, we know that wheni < j,
d(x1, x;) — d(xq, x})

—2A +A=>A,
d(xq, X41) — d(xq, X})
wheni =},
oA d(x1, x;) — d(x;, X;) TA=a
d(xl,xj+1) - d(XhXj)
wheni=j+1,

A d(xq, x) — d(xq, X))
d(x1, Xjp1) — d(xq, X))
and wheni > j+ 1
oA d(xq, x) — d(xq, X)) LA< A
d(x1, Xj41) — d(x1, X))

Therefore, by the definition of &, (A) we obtain that

d(xq, x) — d(xq, ;) .
1—0(-24 +A) <8, 1<i<j, (9)
d(x1, Xip1) — d(x1, X))
and there holds
d(xq, X)) — d(xq, x; . .
a<—2A 1, %) = A1, %) +A)§65(A), jti1<is<n (10)
d(x1, Xj41) — d(x1, X))

The following Theorem 2 is the main result of this section, which gives a rigorous proof of the existence of the exact
interpolation FNN in the metric space.

Theorem 2. If o is a bounded sigmoidal function and

1
3s(A) < yre (11)

then for sample set (1) there exists {Cj}j:] C R such that Nf (x) is an exact interpolation FNN.
Proof. In order to prove Theorem 2, it is sufficient to prove that the following systems of equation with variable {c;}_,

Nix)y =y (i=1,...,n) (12)

is solvable under the condition (11). Denote

d(xq, x;) — d(x1, X; ..
ej(A) =0 (—ZA (x2, %) (*x1, %) ) Lj=1,...,n—1,
d(x1, Xj41) — d(x1, X))
d(x1, %) — d(x1, X;
ein(A) ::a(—ZA (1. %) = dlx1, %) A), =1, 01,
d(x1, Xp) — d(X1, Xp—1)

d(xq, —d(xq, X i
(x1 Xn) (Xl Xl) A), j=1,...,n—1,

enj(Ad) =0 (—ZA
" d(x1, Xj41) — d(x1, X))

enn(A) == o (A).

Then the coefficient matrix of the system of equations (12) can be written as

e11(A) ep@) ... en(d)
Dy(A) == e1(A) exn(A) ... exd '
en1 (A) €n2 (A) BRI - (A)

Let
dij(A) = e;(A) —eiqj(A), i,j=1,...,n—1,
din(A) = ej(A) —eir1n(A), i=1,...,n—1,
dyi(A) = ey(A), j=1,...,n—1, dnp(A) = enn(A),
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then
di1(A) dipA) ... di(A)
e
dn](A) an(A) .. dnn(A)
Moreover, from (11) and the definition of §, (A) we obtain that if t > A, then
o0l < —, -0 <~
o < an o < yre
Therefore,
di(A) = 0(A) —o(-A)=1—-(1—-0(A) —o(-A)
1 1 1 .
>l—-———=1——, 1<i<n-1,
4n  4n 2n

and

din(A) = 0(A) =1—(1—-0(A)

1 1
>1——>1—- —.
- 4an — 2n

Noting (9) and (10), we get

n

11
E |dij|:|eij_eij+l|f|eij|+|eij+1|<n'7:§7 i=1,...,n
=T n

Hence
n
di(A) > Y ldl (i=1.....n).
J=1j#i
Then from the strictly diagonally dominant matrices are invertible principle (see [13]), we have
Dn(A) # 0,

which means that the system of equations (12) is solvable. This completes the proof of Theorem 2. O

4. Approximate interpolation FNN with sigmeoidal activation function

The inner weights and thresholds of the exact interpolation FNN, Nf (x), in Theorem 2 depend on the interpolation nodes,
while the coefficients of Ng‘ (x) is a solution to the system of equations (12). We have proved that (12) is solvable when A
is sufficient large, but it is not easy to work out the solution. Therefore, we turn to consider the approximate interpolation
ENN, NA(x):

n—1 ) 3
NAx) = ZO’J Yo (—ZA d(x1,x) — d(x1, X)) d(xq, X) — d(xq, Xn) +A) .
=1

+A)+yno <—2
d(x1, Xj11) — d(x1, X)) ) " d(x1, Xp) — d(X1, Xn—1)

It is obvious that the exact interpolation FNN, N4(x), and the approximate interpolation FNN, N4 (x), differ only in the
coefficients. The following Theorem 3 shows the error between N2 (x) and NA(x).

Theorem 3. If o is a bounded sigmoidal function and (11) holds, then

Aoy A Cn+ D&Ml (T,
NG =N Wl < T s ) <;|y, y,+1|+|yn|>,

where |[o|| := sup;cg |0 (£)].
Proof. Since (11) holds, from Theorem 1 we know that (12) is solvable. We denote its solution as V. := (cy, ..., ¢;), and
the coefficients matrix of (12) as M. Let V, = (y1, ..., ya), then (12) can be rewritten as

MV =v], (13)
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where VT denotes the transpose of the vector V. Define

1 1 ... 1 1
0 1 ... 1 1
U=1... ... ... ... ...
0 o ... 1 1
0 o ... O 1
A direct computation yields that the inverse matrix of U
1 -1 0 ... O 0
0 1 -1 ... 0 0
U-l= .
0 0 0 1 -1
0 0 0 0 1
Write
M-U= (au)ﬁll,
then
letij| < 35 (A).

If we denote
U~'(M—U) = B},
then
|Biil < 28,(A), |Bnil <8,(A) (=1,...,n—1,j=1,...n).
Let
Vy = V1 — Y2, -+ Yn-1— Yns Yn), AVe = Ve — Vy,
we have
uvy =V,
Noting (13) we obtain
U+ M—-U)(Vy +4aV]) =V,
That is
uAav! = —(M —U)AavV] — M - U)vy.
Hence
AV = —UT'M —U)AV] —U ' (M —U)V].
The last equation together with (14) yields

D 1AVG] < @n+ 18, (A) Y 1AV + 20+ 18, (A) (Z Vi = Yiral + |yn|> :

i=1 i=1 i=1

Furthermore, from (11) we know

1 2n+ 1)é,(A) n
Z AV | < m (; lvi — Y1l + |}’n|) .

i=1

Since

n

IN}() = N2GOL < Y 1AVg ol

i=1

we have

A A @n+ DS Wloll (=
IN'G) = Ni | < T3 o) (j_Z]LvJ yj+1|+|yn|).

This finishes the proof of Theorem 3. O

(14)
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